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Theoretical Solutions for Unsteady Flows Past Oscillating
Flexible Airfoils Using Velocity Singularities

D. Mateescu¤ and M. Abdo†

McGill University, Montreal, Quebec H3A 2K6, Canada

A new method of solution is presented for the analysis of unsteady � ows past oscillating airfoils. This method
is based on the derivation of the singular contributions of the leading edge and ridges (points where the air-
foil boundary conditions change) in the solutions of the � uid velocity and pressure coef� cient. The method has
been validated by comparison with the results obtained by Theodorsen and by Postel and Leppert for rigid air-
foil and aileron oscillations in translation and rotation. An excellent agreement was found between the present
solutions and these previous results. This method has then been used to obtain solutions for the � exural oscilla-
tions of the � exible airfoils, � tted or not with oscillating � exible ailerons, which are of interest for the aeroelastic
studies. The aerodynamic stiffness, damping, and virtual (or added) mass contributions in the solutions of the
unsteady pressure distribution, lift coef� cient, and moment coef� cient are speci� cally determined. An analysis
of the relative magnitude of the quasi-steady and vortex shedding contributions in the aerodynamic coef� cients
is also presented. In all cases studied, this method led to very ef� cient and simple analytical solutions in closed
form.

Nomenclature
Ch.t/ = hinge moment coef� cient (positive

counterclockwise), OCh exp.i!t/
CL .t/ = unsteady lift coef� cient, OCL exp.i!t/
CLa.t/ = aileron lift coef� cient, OCLa exp.i!t/
Cm .t/ = unsteady pitching moment coef� cient (positive

nose down), OCm exp.i!t/
C p.x; t/ = unsteady pressure coef� cient on the upper

surface of the airfoil, OC p.x/ exp.i!t/
OC.k/ = Theodorsen function22

C.s/ = .2=¼/ cos¡1
p

s
c = airfoil chord length
cx , cy = dimensional coordinates
OD.k/ = OC.k/ ¡ 1 D ¡i H 2

1 .k/=[H 2
1 .k/ C i H 2

0 .k/]
Oe.x/ = modal amplitude of � exural oscillations (positive

upward), e.x; t/= exp.i!t/
f .s/ = .2=¼/

p
.1 ¡ s/s

G.s; x/ = .2=¼/ cosh¡1
p

.1 ¡ x/s=.s ¡ x/ for x 2 .0; s/,
.2=¼/ sinh¡1

p
.1 ¡ x/s=.x ¡ s/ for x 2 .s; 1/

and 0 for x < 0 and x > 1
QG.s; z/ = singular contribution in w.z/ of a ridge situated on

airfoil at z D s, .2=¼/ cosh¡1
p

.1 ¡ z/s=.s ¡ z/

g j = .2 j ¡ 1/!=b22 j . j !/2c, g0 D 1
g j = recurrence formula, g j ¡ 1.2 j ¡ 1/=.2 j/
H .s; x/ = 1 for x > s and 0 for x < s H1.x/ D 1

for x > 1 and 0 for x < 0
QH .¾; z/ = singular contribution in w.z/ of a ridge situated on

the wake at z D ¾; .2=¼/ cos¡1
p

.1 ¡ z/¾=.¾ ¡ z/

H 2
0 .k/; = Hankel functions of second kind

H 2
1 .k/ (zero and � rst order)

h.t/ = oscillatory translation along y axis (positive
upwards), Oh exp.i!t/
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k = reduced frequency of oscillations, !c=.2U1/
s; ¾ = ridge positions along the x axis
U1 = freestream velocity
OU .x/ = ¡i.k=c/ O0C exp.¡i2k.x ¡ 1//

u.x; y; t/, = perturbationvelocity components
v.x; y; t/ along x and y axes
Ou.x; y/, = reduced velocity components,
Ov.x; y/ u.x; y; t/= exp.i!t/ and v.x; y; t/= exp.i!t/

respectively
w.z/ = complex conjugate velocity, Ou.x; y/ ¡ j Ov.x; y/
x; y = nondimensionalCartesian coordinates, x axis

along the mean position of airfoil chord
y = harmonic oscillations of the airfoil surface,

e.x; t/ D Oe.x/ exp.i!t/ where i D
p

¡1
and exp.i!t/ D cos !t C i sin !t

z = complex variable, x C j y where j D
p

¡1
¯.t/ = oscillatory rotation of the aileron (positive

clockwise), Ō exp.i!t/
0C .t/ = circulation around the airfoil,

Z 1

0

° .x; t/c dx D O0C exp.i!t/

° .x; t/ = distributed circulation along the airfoil,
O° .x/ exp.i!t/

° f .x; t/ = distributed intensity of the free vortices
in the airfoil wake, O° f .x/ exp.i!t/

1C p.x; t/ = pressure difference coef� cient across airfoil,
1 OC p.x/ exp.i!t/

± j i = Kronecker’s symbol, 1 for j D i and 0 for j 6D i
O".x/ = modal amplitude of aileron oscillations

(positive upwards), ".x; t/= exp.i!t/
µ.t/ = oscillatory rotation about x D a

(positive clockwise), Oµ exp.i!t/
! = radian frequency of oscillations

Superscripts

D = damping aerodynamiccomponents
M = virtual mass aerodynamic components
Q = quasi-steadyaerodynamiccomponents
S = stiffness aerodynamic components
V = vortex-sheddingaerodynamic components
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I. Introduction

T HE steady and unsteady � ows past airfoils (or wing sections)
have been extensivelystudiedduring the last sevendecades for

their aeronautical applications. Initially, the method of conformal
transformations were used to obtain steady � ow solutions for par-
ticular airfoil shapes, such as the Joukowski,Kármán–Trefftz, Betz-
Keune, Müller, von Mises and Carafoli-airfoils(see Refs. 1–5). The
classical thin airfoil theorydevelopedby Glauert and Birnbaum(see
Refs. 1–6) established the foundation of the aerodynamics of thin
airfoilsof arbitrary shapes in incompressible� ows, by using a mod-
i� ed Fourier series for the distributed vortex intensity on the chord.
Based on a truncatedFourier series representationof the camberline
shape (sometimes requiring a large number of terms), this classi-
cal method permitted the calculationof the aerodynamicforces and
pressure distribution on the airfoil. However, as shown in Ref. 7,
the Fourier series are not convenient to model aerodynamically the
airfoils with discontinuitiesin the boundary conditions, such as the
� apped airfoils. An ef� cient method using velocity singularities
leading to simple analytical solutions in closed form has been de-
veloped by Mateescu,8 Mateescu and Nadeau,9 and Mateescu and
Newman.7 The methods based on velocity singularities (name in-
troduced in Ref. 10) consist in the determinationof speci� c singular
contributions in the expression of the � uid velocity (instead of the
potential), which are related to the singular points on the airfoil or
wing, such as the leading edgesand ridges,where the boundarycon-
ditions display sudden changes.These contributionsare determined
by taking into account the singular behavior of the � uid velocity
at these points and satisfy all other boundary conditions, as well as
the Kutta condition at the trailing edge. (They are similar to Green
functionsassociated to these changes.)These methods were proven
to be also suitable to solve problems of adaptive surfaces, such as
� exible-membraneand jet-� appedairfoils.7 More recently,methods
using velocity singularities in subsonic � ow have been developed
for the � nite span wings of arbitrary shapes11 and for the nonlinear
analysis of airfoils.12 A method based on velocity singularities has
also been developed for wing–body systems in supersonic � ows.10

Solutions involving intensive numerical calculations have been
also obtained using conformal mappings,13¡16 or using boundary
element methods based on source, doublet, and vortex panels, such
as those of Hess and Smith,17 Hunt,18 Katz and Plotkin19 and
Mateescu.8 More recently, computational solutions have been ob-
tained using various numerical methods for solving the Euler or
Navier–Stokes equations, such as those based on � nite difference
or � nite volume formulations (for examples see Anderson20 and
Mateescu and Stanescu21).

The analysis of the unsteady � ows past oscillating airfoils has
been mostly motivated by the efforts made to avoid or reduce un-
desirable unsteady effects in aeronautics, such as � utter, buffeting,
and dynamic stall. Potentially bene� cial effects of these unsteady
� ows have been also studied, such as propulsive ef� ciency of � ap-
ping motion, controlled periodic vortex generation, stall delay, and
optimal control of unsteady forces to improve the performance of
turbomachinery, helicopter rotors, and wind turbines. The founda-
tions of the unsteadyaerodynamicsof oscillatingairfoils have been
established by Theodorsen22 Theodorsen and Garrick,23 Wagner,24

Küssner,25;26 and von Kármán and Sears,27 who studied the un-
steady � ow past a thin � at plate and a trailing � at wake of vortices
in incompressible� ows. Further studies involvingdetailedunsteady
� ow solutions of oscillating airfoils have been performed by Postel
and Leppert,28 Fung,29 Bisplinghoff and Ashley,30 McCroskey,31;32

Kemp and Homicz,33 Basu and Hancock,34 Dowell et al.,35 Katz and
Weihs,36;37 and others.38;39 Some of the recent studies used compu-
tationalmethodsand panelmethods for theseunsteadyaerodynamic
problems; interestinganalyses of unsteady � ows past airfoils using
panel methods are presented by Katz and Plotkin.19

In the aeroelastic studies, the unsteady aerodynamic analysis is
performed, in conjunctionwith the analysisof the related structural
motion, involving � exural and torsional deformations. A complete
numerical approach to solve simultaneously the unsteady Euler and
Navier–Stokes equations governing the unsteady � ows (which in-
volves numerous iterations for each time step) and the structural

equations of motion requires a large computational effort in terms
of computing time and memory, even with the present computing
capabilities.For this reason,there is still a need for ef� cient unsteady
aerodynamic solutions to be used in the aeroelasticity studies.

The main aim of this paper is to present simple and ef� cient
aerodynamic solutions in closed form for oscillating � exible air-
foils, which are obtained by a method using velocity singularities.
(Previous results were mainly obtained for the case of rigid airfoil
oscillationsin translationand rotation.)This method is based on the
derivationof speci� c contributionsassociated to the singularpoints
on the oscillating airfoil, the leading edge, and the ridges (where
the unsteady boundary conditions are changing), in the expression
of the � uid velocity and unsteady pressure coef� cient. These singu-
lar contributions satisfy all boundary conditions on the airfoil and
outside it, including the Kutta condition at the trailing edge. As
mentioned, the methods based on velocity singularitieshave proven
to be very ef� cient in the analysis of steady � ows past airfoils and
wings (see Ref. 7–12).

II. Velocity Singularity Method for the Steady
Aerodynamics of Thin Airfoils

The perturbation velocity components u.x; y/ and v.x; y/, gen-
erated by an airfoil of chord c, placed at an incidence® in a uniform
stream of velocity U1 , are harmonic functions in incompressible
� ow, satisfying the Laplace equation. Thus, a complex conjugate
velocity w.z/ D u.x; y/ ¡ jv.x; y/ can be de� ned in function of
the complex variable z D x C j y, where x and y are nondimensional
Cartesian coordinates,with the x axis along the airfoil chord and its
origin at the airfoil leading edge.

The prototypeproblemof a � apped thin airfoil,de� ned by a ridge
situated at x D s, where the airfoil slope angle suddenly changes
from ¿ to ¿ ¡ ¯ , due to the de� ection angle ¯ of the � ap, has been
solved by Mateescu and Nadeau,9 Mateescu,8 and Mateescu and
Newman7 using the method of velocity singularities10 in the form

w.z/ D A
p

.1 ¡ z/=z ¡ 1v QG.s; z/ (1)

where 1v D ¡ U1 cos ®[tan.¯ ¡ ¿/ C tan ¿ ] ¼ ¡¯U1 and A D
¡U1.sin ® ¡ cos ® tan ¿/ ¡ 1v C.s/ ¼ ¡U1.® ¡ ¿ / ¡ 1v C.s/,
and where C.s/ and QG.s; z/ are de� ned in the Nomenclature. The
� rst right-hand-side term of Eq. (1) represents the singular contri-
bution of the airfoil leading edge (at x D 0), and QG.s; z/ represents
the singular contributionof the ridge situated at x D s. These singu-
lar contributions satisfy all boundary conditions on the airfoil and
outside it, as well as the Kutta condition at the trailing edge. The
axial perturbationvelocity on the airfoil was obtained by taking the
real part of Eq. (1),

u.x/ D A
p

.1 ¡ x/=x ¡ 1vG.s; x/ (2)

where G.s; x/ D Re f QG.s; z/gz D x is also de� ned in the Nomencla-
ture.

The camberline slope of a thin airfoil is expressed in general in
the polynomial form

h 0.x/ D
NX

n D 0

hn xn

as in the case of NACA airfoils. The cambered airfoil was, thus,
represented by a continuous distribution of elementary ridges with

1v D
µ

dh 0.x/

dx

¶

x D s

ds D
NX

n D 1

nhnsn ¡ 1 ds

in Eq. (2), which was then integrated over the chord and led to the
following expression for the pressure difference coef� cient on a
continuouslycambered airfoil7:

1C p.x/ D 4

"

sin ® ¡
NX

n D 0

hn

nX

j D 0

gn ¡ j x
j

#r
1 ¡ x

x
(3)
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where the coef� cients g j are de� ned in the Nomenclature. This is
a very simple expression in closed form for the thin airfoil aerody-
namics, which has also proven to be very ef� cient for the analysisof
airfoils with adaptive surfaces, such as the � exible-membrane and
jet-� apped airfoils.7

III. Method of Solution for Unsteady Flows Past
Oscillating Airfoils

Consider a thin � exible airfoil of chord c executing harmonic
oscillationsabout itsmean positionsituatedalongthe axis Ox, which
are de� ned in complex form by

y D e.x; t/ D Oe.x/ exp.i!t/ (4)

where the x axis along the airfoil chord is in its mean position, t is
the time, and Oe.x/ de� nes the modal amplitudeof oscillationsof the
� exible airfoil. In the complex form convention used to de� ne the
oscillations, the reduced quantities marked by a caret, are complex
numbers.

The boundary condition on this oscillatingairfoil, v D .@e=@t/ C
.U1 C u/.@e=@x/, is

v.x; 0; t/ D OV .x/ exp.i!t/; OV .x/ D i! Oe.x/ C U1

³
@ Oe
@x

´

(5)

In view of the form of this boundary condition, one can in-
troduce the reduced perturbation velocity components Ou.x; y/ D
u.x; y; t/= exp.i!t/ and Ov.x; y/ D v.x; y; t/= exp.i!t/. Because in
incompressible � ows the velocity components are harmonic func-
tions, satisfying the Laplace equation, one can introduce the com-
plex conjugate reduced velocity Ow.z/ D Ou.x; y/ ¡ j Ov.x; y/, where
z D x C jy. The boundary condition on the oscillating airfoil for
0 < x < 1 can thus be expressed as

Im j f Ow.z/gz D x D ¡ OV .x/ (6)

where the subscript j indicatesan imaginary part taken with respect
to the complex variable z D x C j y (not with respect to i from the
complex representationof the oscillatory motion).

The elementary circulation along an in� nitesimal control vol-
ume around an airfoil portionof length c dx is d0 D 2u.x; 0; t/c dx ,
which leads to the distributed circulation on the airfoil,

° .x; t/ D d0

.c dx/
D 2 Ou.x; 0/ exp.i!t/ (7)

By integrating this relationover the chord, one obtains the unsteady
circulation around the airfoil

0C .t/ D 2 exp.i!t/

Z 1

0

Ou.x; 0/c dx (8)

and the reduced circulation around the airfoil, O0C D 0C.t/=
exp.i!t/, can be expressed in the form

O0C D Re j

(

2

Z 1

0

Ow.z/c dz

)

(9)

Because the circulation around the airfoil varies in time, at each
instant in time an elementary free vortex is shed at the trailing edge,
x D 1, through a complex process involving viscous effects. The
intensity of such a free vortex shed at the trailing edge, d0 f .1; t/,
can be determined from Kelvin’s circulation theorem for a material
contour K , which includes the airfoil, d0K =dt D 0, as

d0 f .1; t/ D ¡
µ

d0C

dt

¶
dt D ¡i! O0C exp.i!t/ dt (10)

These shedding free vortices are moving downstreamwith the � uid
� ow velocity (c dx D U1 dt/, and their distributed vortex intensity
just behind the trailing edge, ° f .1; t/ D d0 f .1; t/=.c dx/ is

° f .1; t/ D ¡.i!=U1/ O0C exp.i!t/ (11)

The intensity of the elementary shedding vortices remains constant
in time while they are moving downstream with the � uid velocity,
accordingto Helmholtz’s circulationtheorem(see Refs. 2, 4, and 5).
Such a shedding vortex, situated at time t in the airfoil wake at the
location x D ¾ , has been generated at the trailing edge at a previous
time t ¡ 1t, where the time lag 1t D c.¾ ¡ 1/=U1 represents the
time needed by this vortex to travel from the trailing edge to its
present location. Thus, the intensity of the distributed vortex sheet
in the wake at the location x D ¾ can be calculated as

° f .¾; t/ D ¡i.2k=c/ O0C exp[i!t ¡ i2k.¾ ¡ 1/] (12)

where k D !c=.2U1/ is the reduced frequency of oscillations. The
reduced intensity of free wake vortices is then O° f .¾ / D ° f .¾; t/=
exp.i!t/ D 2 OU .¾ /, where OU .¾/ is de� ned in Nomenclature.

Similarly to Eq. (7), one can express Ou.x; 0/ in the function of
O° f .¾/ (by considering the circulation along an elementary control
volume placed around a portion of the wake of length c d¾ / in
the form Ou.¾ / D O° f .¾ /=2 D OU .¾ /. Thus, in addition to the bound-
ary condition (6) on the oscillating airfoil, the complete unsteady
problem formulation has to also include the following boundary
conditions upstream (where O° D 0) and downstream of the airfoil,
expressed in complex form as

Re j f Ow.z/gz D x D H1.x/ OU .x/ (13)

for x < 0 and x > 1, where H1.x/ and OU .x/ are de� ned in the
Nomenclature.

Prototype Unsteady Problem Solution

To solve the problem of the oscillating airfoil, consider � rst the
prototype unsteady problem characterized by a sudden change ± OV
in the normal-to-chordvelocity componenton the airfoil (from¡ b0

to ¡ b0 C ± OV , where b0 is a constant) and de� ned by the boundary
conditions

Im j f± OW .s; z/gz D x D b0 ¡ H .s; x/± OV (14a)

Re j f± OW .s; z/gz D x D H1.x/ OU .x/ (14b)

for 0 < x < 1 and x < 0 and x > 1, respectively, where H .s; x/,
H1.x/, and OU .x/ are de� ned in the Nomenclature. As previ-
ously shown, 7¡10;39 ± OW .s; z/ displays the singularities

p
.1 ¡ z/=z,

.s ¡ x/, and .¾ ¡ x/ at the leading edge, x D 0, and at the ridges
situatedat x D s and x D ¾ , where the imaginary and real parts have
the changes ± OV and OU 0.¾ / d¾ , respectively.

The singular contributions associated to these ridges and sat-
isfying the boundary conditions (14) are determined in an aux-
iliary complex plane de� ned by the conformal transformation
Â D

p
z=.1 ¡ z/, as shown in Refs. 7–10, leading to ± OV QG.s; z/ and

b OU 0.z/ dzcz D ¾
QH .¾; z/, respectively,where QG.s; z/ and QH .¾; z/ are

de� ned in the Nomenclature. The prototype problem solution, is
thus,

± OW .s; z/ D ¡ jb0 C ±A
p

.1 ¡ z/=z ¡ ± OV QG.s; z/

¡ .2k2=c/ O0C
QF .z/ (15)

where

QF.z/ D lim
¾ ¤ ! 1

Z ¾ ¤

1

exp[¡i2k.¾ ¡ 1/] QH .¾; z/ d¾
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After integration by parts, QF.z/ becomes

QF.z/ D i.c=k/
¥

E1 cos¡1
p

1 ¡ z C F ¤.z/
¦

(16)

where E1 D lim
¾ ¤ ! 1

fexp[ ¡ i2k.¾ ¡ 1/]g and

F¤.z/ D lim
¾ ¤ ! 1

Z
¾ ¤

1

p
.1 ¡ z/z exp[¡i2k.¾ ¡ 1/]

2.¾ ¡ z/
p

.¾ ¡ 1/¾
d¾

Because the perturbation velocity vanishes at in� nity, the un-
known constant ± A can now be determined from the condition
[± OW .s; z/]z ! 1 D 0. From the real part of this condition one ob-
tains E1 D 0 for this indeterminateconstant. [The same conclusion
can also be obtainedfrom the Riemann–Lebesquelemma on Fourier
integrals when the theory of distribution is used (see Ref. 27)]. The
imaginarypart of this conditiondetermines the valueof the constant
± A as

± A D ¡b0 ¡ ± OV C.s/ C i O0C
2k

¼c
lim

¾ ¤ ! 1

Z
¾ ¤

1

exp[¡i2k.¾ ¡ 1/]

2
p

.¾ ¡ 1/¾
d¾

(17)
With this value of ±A, Eq. (15) can be recast in the form

± OW .s; z/ D ¡b0

¡p
.1 ¡ z/=z C j

¢
¡ ± OV

£
QG.s; z/

C
p

.1 ¡ z/=zC .s/
¤

C i O0C .2k2=c/F .z/

F.z/ D 2

¼
lim

¾ ¤ ! 1

Z ¾ ¤

1

r
.1 ¡ z/¾

.¾ ¡ 1/z

exp[¡i2k.¾ ¡ 1/]

2.¾ ¡ z/
d¾ (18)

The reduced circulation around the airfoil

O0C D Re

(

2

Z 1

0

± OW .s; z/c dz

)

becomes now

O0C D ¡4ic exp.¡ik=2/

kH 2
1 .k/

[1 C OD.k/]fb0 C ± OV [C.s/ C f .s/]g (19)

where f .s/, C.s/, H 2
1 .k/, and OD.k/ D OC.k/ ¡ 1 are de� ned in the

Nomenclatureand where OC .k/ is Theodorsen’s function.22 (also see
Refs. 23 and 28). Note that OD.k/ becomes zero for k tending to zero
(k ! 0).

Reduced Pressure Coef� cient

The unsteady pressure coef� cient Cp.x; t/ on the oscillatingair-
foil can be obtained from the Bernoulli–Lagrange equation,and the
reduced pressure coef� cient, OC p.x/ D C p.x; t/= exp.i!t/, is

OC p.x/ D ¡.2=U1/bi.k=c/ O0.x/ C Ou.x; 0/c

O0.x/ D 2

Z x

0

Ou.x; 0/c dx (20)

For theprototypeunsteadyproblem,the reducedpressurecoef� cient
is calculated as

± OC p D ¡.2=U1/fi.k=c/± O0.x/ C Re j b± OW .z/cz D x g (21)

where

± O0.x/ D Re j

Z x

0

2[± OW .z/]z D x c dx

One obtains, thus,

U1± OC p.s; x/ D 2A
p

.1 ¡ x/=x C ± OV [2 C 2ik.x ¡ s/]G.s; x/

(22a)

A D bb0 C ± OV C.s/cb1 C OD.k/ C i2kxc C OD.k/± OV f .s/

(22b)

where G.s; x/ D Re j f QG.s; z/gz D x is also de� ned in the
Nomenclature.

Complete Solution for Oscillating Airfoils

The solution of the complete unsteady � ow problem of an os-
cillating airfoil can be obtained considering a continuous dis-
tribution of elementary ridges along the chord to model the
boundary condition (6). Thus, the boundary condition change
± OV D [d OV .x/=dx]x D s ds D OV 0.s/ ds for such an elementary ridge is
introduced in the solution (22) of the prototype unsteady problem,
which is then integrated with respect to s along the chord,

Cp.x/ D
Z 1

0

±Cp.s; x/ ds

In the general case of � exible airfoil oscillations, OV .x/, de� ned by
boundarycondition(5), is expressedin thegeneralpolynomialform

OV .x/ D U1

NX

n D 0

Obn xn where Obn D bn C i2kan (23)

which leads to the following expression of the reduced pressure
difference coef� cient across the airfoil, 1 OCp.x/ D ¡2 OC p.x/:

1 OC p.x/ D ¡4

r
1 ¡ x

x

NX

n D 0

Obn

"
nX

j D 0

gn ¡ j x
j C RV

n C i2k Rn

#

(24a)

RV
n D OD.k/

2n C 1
n C 1

gn ; Rn D 1
n C 1

nX

j D 0

gn ¡ j x
j C 1 (24b)

where RV
n , which are proportional to OD.k/, represent the effect of

the free shedding vortices.
To facilitate the aeroelastic applications(especially for the � exu-

ral oscillations),expression(24a) can be recast in the followingform
with separatepressurecontributionsrelatedto theaerodynamicstiff-
ness P S.x/, aerodynamicdamping P D.x/, and virtualmass P M .x/,
which are useful in the aeroelastic studies:

1 OC p.x/ D

r
1 ¡ x

x
[P S.x/ C i2k P D.x/ ¡ 4k2 P M .x/] (25)

P S.x/ D ¡4
NX

j D 0

x j
NX

n D j

bn

¡
AQ

nj C AV
nj

¢

P M .x/ D ¡4
NX

j D 0

x j
NX

n D j

an
QAn j (26a)

P D.x/ D ¡4
NX

j D 0

x j
NX

n D j

¡
an AQ

nj C an AV
nj C bn

QAn j

¢

AQ
nj D gn ¡ j (26b)

AV
nj D OD.k/gn ¡ j

³
1 C ± j0

2n C 1
n C 1

´

QAn j D
gn ¡ j C 1

n C 1
.1 C ± j1/ C .1 ¡ ± j0/ (26c)

In these expressions, AV
nj , which are proportionalto OD.k/, represent

the effect of the free shedding vortices situated in the wake and are
usually much smaller than the quasi-steady terms AQ

nj , especially
for small values of k.
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Equations (24) and (25) represent two simple expressions of the
general solution in closed form for the unsteady pressure differ-
ence coef� cient on the airfoil, 1C p.x; t/ D 1 OC p.x/ exp.i!t/, in
the general case of oscillations of � exible (or rigid) airfoils. Both
unsteady solutions (24) and (25), as well as the unsteady solutions
(27) of the lift and moment coef� cients, reducedirectly to the steady
solution (3) in the limit case when k is tending to zero [because
limk ! 0

OD.k/ D 0].
The unsteadylift and pitchingmoment (with respectto the leading

edge, positive nose down) coef� cients, CL.t/ D OCL exp.i!t/ and
Cm .t/ D OCm exp.i!t/, can be obtained by integrating the pressure
difference coef� cient over the chord, thus resulting in

OCL D ¡2¼

NX

n D 0

Obn gn
2n C 1
n C 1

µ
1 C

i k

n C 2
C OD.k/

¶
(27a)

OCm D ¡¼

2

NX

n D 0

Obngn
2n C 1
n C 1

µ
2n C 2
n C 2

C
i3k

n C 3
C OD.k/

¶
(27b)

These equations can also be recast in the following forms, to in-
troduce (for the aeroelastic applications) the corresponding aero-
dynamic stiffness components OC S

L and OC S
m , aerodynamic damping

terms OC D
L and OC D

m , and virtual (or added) mass components OC M
L and

OC M
m :

OCL D OC S
L C i2k OC D

L ¡ 4k2 OC M
L ; OCm D OC S

m C i2k OC D
m ¡ 4k2 OC M

m

(28)

OC S
L D ¡2¼

NX

n D 0

bn

¡
L Q

n C L V
n

¢

OC S
m D ¡¼

2

NX

n D 0

bn

¡
M Q

n C MV
n

¢
(29a)

OC D
L D ¡2¼

NX

n D 0

¡
an L Q

n C an LV
n C bn Ln

¢

OC M
L D ¡2¼

NX

n D 0

an Ln (29b)

OC D
m D ¡¼

2

NX

n D 0

¡
an M Q

n C an MV
n C bn Mn

¢

OC M
m D ¡

¼

2

NX

n D 0

an Mn (29c)

L Q
n D

gn.2n C 1/

n C 1
; LV

n D OD.k/L Q
n

Ln D
L Q

n

2n C 4
(29d)

M Q
n D

2L Q
n .n C 1/

n C 2
; MV

n D LV
n

Mn D
3L Q

n

2n C 6
(29e)

The terms LV
n and MV

n , representing the effect of the free shedding
vortices situated in the wake, are usually much smaller than the
quasi-steady terms L Q

n and M Q
n , especially for low frequency.

The unsteady lift and pitching moment coef� cients can also be
expressed in terms of their amplitude, AC L and ACm , and phase,
9C L and 9Cm with respect to the airfoil oscillatory motion, as

CL .t/ D AC L exp.i!t ¡ i9C L/

Cm.t/ D ACm exp.i!t ¡ i9Cm / (30a)

AC L D
q¡ OCRe

L

¢2 C
¡ OC Im

L

¢2
; ACm D

q¡ OCRe
m

¢2 C
¡ OC Im

m

¢2

(30b)

9C L D tan¡1
¡

OC Im
L

¯
OCRe

L

¢
; 9Cm D tan¡1

¡
OC Im

m

¯
OCRe

m

¢

(30c)

where the superscripts Re and Im denote the real and imaginary
parts, such as OCRe

L D Rei f OCL g and OC Im
L D Imi f OCL g. The phase lag of

the aerodynamic coef� cients with respect to the oscillatory motion
of the airfoil is an important parameter in the aeroelastic studies.

IV. Method Validation for Oscillating Rigid Airfoils
The presentmethodof solutionhas beenvalidatedby comparison

with the previous results obtained by Theodorsen22 for the lift and
pitching moment coef� cients and by Postel and Leppert28 for the
reduced pressure difference coef� cient, in the case of rigid airfoils
executing harmonic oscillations in translation, h.t/ D Oh exp.i!t/,
and in rotation with respect to a rotation center situated at x D a on
its chord, µ.t/ D Oµ exp.i!t/. The modal amplitude of oscillations
is in this case Oe.x/ D Oh ¡ .x ¡ a/ Oµ , and, hence, the coef� cients bn

and an de� ning the boundary condition (5) in the form (23), where
N D 1, become b0 D ¡ Oµ , b1 D 0, a0 D Oh C Oµa, and a1 D ¡ Oµ .

The reduced pressure difference coef� cient and the reduced lift
and pitching moment (with respect to the leading edge) coef� cients
are expressed in this case by Eqs. (25) and (28), where the aerody-
namic stiffness, damping, and virtual mass components are

P S.x/ D 4 Oµb1 C OD.k/c; P M .x/ D Oµx.1 ¡ 4a ¡ 2x/ ¡ 4 Ohx
(31a)

P D.x/ D Oµ.2 C 8x ¡ 4a/ ¡ 4 Oh C OD.k/b Oµ.3 ¡ 4a/ ¡ 4 Ohc
(31b)

OC S
L D 2¼ Oµb1 C OD.k/c; OC M

L D 2¼
¥

Oµ
¡

1
8

¡ a=4
¢

¡ Oh=4
¦

(32a)

OC D
L D 2¼

©
Oµ.1 ¡ a/ ¡ Oh C OD.k/

¥
Oµ
¡

3
4

¡ a
¢

¡ Oh
¦ª

(32b)

OC S
m D .¼=2/ Oµb1 C OD.k/c

OC M
m D .¼=2/b Oµ.9=32 ¡ a=2/ ¡ Oh=2c (33a)

OC D
m D .¼=2/

©
Oµ
¡

3
2

¡ a
¢

¡ Oh C OD.k/
¥

Oµ
¡

3
4

¡ a
¢

¡ Oh
¦ª

(33b)

The pitchingmomentwith respectto the rotationcenter, x D a, is de-
� ned as OCm R D OCm ¡ a OCL . The aerodynamic stiffness and damping
components of these reduced lift and moment coef� cients can also
be expressed in function of their quasi-steadyand vortex-shedding
components (denoted by the superscripts Q and V , respectively)

OC S
L D OC S Q

L C OC SV
L ; OC D

L D OC D Q
L C OC DV

L

OC S
m D OC SQ

m C OC SV
m ; OC D

m D OC D Q
m C OC DV

m (34)

where

OC SQ
L D 4 OC S Q

m D 2¼ Oµ; OC SV
L D 4 OC SV

m D 2¼ Oµ OD.k/

OC D Q
L D 2¼b Oµ.1 ¡ a/ ¡ Ohc; OC D Q

m D .¼=2/
¥

Oµ
¡

3
2

¡ a
¢

¡ Oh
¦

OC DV
L D 4 OC DV

m D ¡2¼ OD.k/
¥

Oµ
¡

3
4

¡ a
¢

¡ Oh
¦

The chordwise variations of the real and imaginary parts of the
reduced pressure difference coef� cient 1 OC p.x/ given by solution
(31) are compared for validation in Figs. 1 and 2 with the results
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Fig. 1 Oscillatory rotation of airfoils; real and imaginary parts of the
reduced pressure difference coef� cient ¢Ĉp(x).

Fig. 2 Oscillatory translation of airfoils; real and imaginary parts of
the reduced pressure difference coef� cient ¢Ĉp(x).

obtained by Postel and Leppert28 in the cases of oscillatory rota-
tion, Oh D 0, and translation, Oµ D 0, for two values of the reduced
frequency, k D 0:24 and k D 0:34. An excellent agreement can be
noticed between the present solutions and Postel and Leppert28 re-
sults in all cases.

The variation with the reduced frequency k of the real and imag-
inary parts of the reduced lift and pitching moment coef� cients
OCL and OCm given by solutions (32) and (33), in the cases of oscilla-

Fig. 3 Oscillatory rotation of airfoils; real and imaginary parts of the
reduced lift and pitching moment coef� cients ĈL and Ĉm.

tory rotation, Oh D 0, and oscillatorytranslation, Oµ D 0, are illustrated
in Figs. 3 and 4. The presentsolutionswere found in excellentagree-
ment with Theodorsen’s results,22 also shown.

Stiffness, Damping and Virtual Mass

The relative values of the aerodynamic stiffness, damping, and
virtual mass contributions in the pitching moment coef� cient am-
plitude AS

Cm , NAD
Cm D .2k/AD

Cm and NAM
Cm D .4k2/AM

Cm are illustrated
for a rigid airfoil in oscillatory rotation in Fig. 5. Their phases with
respect to the airfoil oscillations, 9 S

Cm and 9 D
Cm , are also shown.

(Note that an additional 90 and 180 deg should be added to 9 D
Cm

and 9 M
Cm D 0, respectively.)

Vortex-Shedding Effect

The variationswith k of theamplitudesof thevortex-sheddingand
quasi-steadytermsof the aerodynamicstiffnessand dampingcontri-
butions in the reduced lift coef� cient, ASQ

C L , ASV
C L , NADQ

C L D .2k/AD Q
C L ,

NADV
C L D .2k/ADV

C L , are also illustrated in Fig. 5, together with the
phases 9 SV

C L and 9 DV
C L , for a rigid airfoil in oscillatory rota-

tion (9 SQ
C L D 9

D Q
C L D 0). One can notice that the vortex-shedding

term amplitudes are much smaller than those of the quasi-steady
terms in the case of low-frequency oscillations (small k).

V. Solutions for Airfoils Executing Flexural
Oscillations

Consider a � exible airfoil executing � exural oscillations,
e.x; t/ D Oe.x/ exp.i!t/, where

Oe.x/ D
NX

n D 1

en xn

is themodalamplitudeof oscillations.In this case, thecoef� cientsbn

and an becomebn D .1 ¡ ±nN /.n C 1/en C 1 and an D .1 ¡ ±n0/en , and
the solutions for the reduced pressure, lift, and moment coef� cients
are given by Eqs. (24–29).
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Fig. 4 Oscillatory translation of airfoils; real and imaginary parts of
the reduced lift and pitching moment coef� cients ĈL and Ĉm.

Parabolic Flexural Oscillations of Airfoils

Asanexample,considertheparabolic� exuraloscillationsde� ned
as Oe.x/ D e2x2 , in which case N D 2, b1 D 2e2, a2 D e2 , and the rest
of the coef� cients are zero. The solutions for the reduced pressure
difference coef� cient 1 OC p.x/ is also de� ned by Eq. (25), where

P S.x/ D e2b2x C 1 C 3 OD.k/=2c

P M .x/ D e2

¥
x2 C x=6 C 1

8

¦
(35a)

P D.x/ D e2

¥
2x2 C x C 3

8
C 5 OD.k/=8

¦
(35b)

and the reduced lift and moment coef� cients are in this case

OCL D ¡.¼=2/e2b6 C 7ik C OD.k/.6 C 5ik/ ¡ 5k2=4c (36a)

OCm D ¡.¼=2/e2

¥
2 C 3ik C OD.k/

¡
3
2

C 5ik=4
¢

¡ 3k2=4
¦

(36b)

For the parabolic� exuraloscillations,the chordwisedistributions
of the real and imaginary parts of 1 OC p.x/ are shown in Fig. 6 for
two values of the reduced frequency of oscillations. The variations
with k of the real and imaginary parts of OCL and OCm are shown in
Fig. 7.

VI. Solutions for Airfoils with Oscillating Ailerons
To determine the effect of the aileron oscillations,consider a thin

airfoil of chord c at zero incidence � tted with an aileron of chord
.1 ¡ s/c that executes harmonic oscillations for s < x < 1 de� ned
as

y D ".x; t/ D O".x/ exp.i!t/ (37)

The boundary conditions on the airfoil in this case can be obtained
in a similar manner as for the entire airfoil executing oscillations,
resulting in, for 0 < x < 1,

Im j f Ow.z/gz D x D ¡H .s; x/ OV .x/ (38a)

and for x < 0; x > 1

Re j f Ow.z/gz D x D H1.x/ OU .x/ (38b)

Fig. 5 Oscillatory rotation of airfoils; Aerodynamic stiffness, damp-
ing, and virtual mass contributions in the reduced pitching moment
coef� cient amplitudeand the vortex-shedding and quasi-steady compo-
nents in the reduced lift coef� cient amplitude and their phases.

where OV .x/ D i! O".x/ CU1.@ O"=@x/ and H .s; x/, H1.x/, and OU .x/
are de� ned in the Nomenclature.

As shown by Eqs. (38), there is a sudden change in the boundary
conditions on the airfoil at x D s, which is represented by the ridge
contribution OV .s/ QG.s; z/ in the complex reduced velocity Ow.z/.
Similar to the case of oscillating airfoil, the boundary condition on
theoscillatingaileroncanbemodeledbya continuousdistributionof
elementary ridges, de� ned by the contributionsb OV 0.¾ / d¾ c QG.¾; z/
for s < ¾ < 1. Considering the solution (22) of the prototype un-
steady problem for both the ridge at x D s and the distribution of
elementary ridges, one obtains for the reduced pressure coef� cient
in this case

U1 OC p.x/ D 2A

r
1 ¡ x

x
C [2 C i2k.x ¡ s/] OV .s/G.s; x/

C
Z 1

s

[2 C ik.x ¡ ¾ /] OV 0.¾ /G.¾; x/ d¾ (39a)

A D OV .s/fb1 C OD.k/ C i2kxcC.s/ C OD.k/ f .s/g

C
Z 1

s

OV 0.¾ /f[1 C OD.k/ C i2kx]C.¾ / C OD.k/ f .¾ /g d¾

(39b)
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Fig. 6 Flexural oscillations of airfoils; real and imaginary parts of the
reduced pressure difference coef� cient ¢Ĉp(x).

As in Eq. (23), the function OV .x/ in Eqs. (38) has the general poly-
nomial representation

OV .x/ D U1

NX

n D 0

Ō
nxn ; Ō

n D ¯n C i2k®n (40)

After inserting this expression in Eqs. (39) and performing the
integrals, one obtains the reduced pressure difference coef� cient
1 OC p D ¡2 OCp for the case of aileron oscillations in the form

1 OC p.x/ D ¡4

r
1 ¡ x

x

NX

n D 0

Ō
n

µ³
1 C

i2k

n C 1

´
OP Q
n C OPV

n

¶

¡ 4G.s; x/

NX

n D 0

Ō
n

µ
xn C

i2k.xn C 1 ¡ sn C 1/

n C 1

¶
(41)

where

OP Q
n D

nX

j D 0

Jn ¡ j x
j C 1; OPV

n D 2 OD.k/Jn C 1

Jn D

¥
sn ¡ 1 f .s/ C .2n ¡ 1/Jn ¡ 1

¦

.2n/
; J0 D C .s/

The reduced lift and pitching moment coef� cients due to the aileron
oscillations are

OCL D ¡2¼

NX

n D 0

Ō
n

(
nX

j D 0

Jn ¡ j

µ
g j

j C 1
C

i2k

n C 1

g j C 1

j C 2

¶

C OPV
n C Qn C

i2k

n C 1

£
Qn C 1 ¡ sn C 1 Q0

¤
)

Qn D
f .s/

n C 1

nX

j D 0

sn ¡ j g j (42a)

Fig. 7 Flexural oscillations of airfoils; real and imaginary parts of the
reduced lift and pitching moment coef� cients ĈL and Ĉm.

OCm D ¡2¼

NX

n D 0

Ō
n

(
nX

j D 0

Jn ¡ j

µ
g j C 1

j C 2
C

i2k

n C 1

g j C 2

j C 3

¶

C
OPV
n

4
C Qn C 1 C

i2k

n C 1

£
Qn C 2 ¡ sn C 1 Q1

¤
)

(42b)

The unsteady lift coef� cient of the aileron and the hinge moment,
CLa.t/ D OCLa exp.i!t/ and Ch.t/ D OCh exp.i!t/, are obtained by
integrating 1 OC p.x/ over the aileron in the form

OCLa D ¡
2¼

1 ¡ s

NX

n D 0

Ō
n

(
nX

j D 0

Jn ¡ j

³
NL j C

i2k

n C 1
NL j C 1

´

C OPV
n L0 C NQn C

i2k

n C 1

£ NQn C 1 ¡ sn C 1 NQ0

¤
)

NQn D
f .s/

n C 1

nX

j D 0

sn ¡ j J j (43a)

OCh D ¡ 2¼

.1 ¡ s/2

NX

n D 0

Ō
n

(
nX

j D 0

Jn ¡ j

³
NL j C 1 C

i2k

n C 1
NL j C 2

´

C OPV
n

NL1 C NQn C 1 C
i2k

n C 1

£
NQn C 2 ¡ sn C 1 NQ1

¤
)

NL j D

¥
J j ¡ s j f .s/

¦

. j C 1/
(43b)

Method Validation for a Rigid Aileron Executing Oscillatory Rotation

In the case of a rigid aileron executing oscillatory rotations
about the hinge at x D s, the modal amplitude of oscillations is
O".x/ D ¡ .x ¡ s/ Ō, and, hence, the coef� cients ¯n and ®n de� n-
ing the boundary condition (38) in the form (40), where N D 1,
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Fig. 8 Oscillatory rotation of ailerons; real and imaginaryparts of the
reduced pressure difference coef� cient ¢Ĉp(x).

Fig. 9 Oscillatory rotation of ailerons; real and imaginaryparts of the
reduced lift and pitching moment coef� cients ĈL and Ĉm.

Fig. 10 Oscillatory rotation of ailerons; real and imaginary parts of
the reduced aileron lift and hinge moment coef� cients ĈLa and Ĉh .

Fig. 11 Flexural oscillations of ailerons; real and imaginary parts of
the reduced pressure difference coef� cient ¢Ĉp(x).

become¯0 D ¡ Ō, ¯1 D 0, ®0 D Ōs, and ®1 D ¡ Ō. Then 1 OC p.x/, OCL ,
OCm , OCLa , and OCh are determined from Eqs. (41–43).

The chordwise variations of the real and imaginary parts of
1 OC p.x/ are shown in Fig. 8 for s D 0:75 and two values of the
reduced frequency of oscillations,k D 0:24 and k D 0:34.

The variationswith k of the real and imaginarypartsof the reduced
lift and pitchingmoment coef� cients OCL and OCm , and of the reduced
aileron lift and hinge moment coef� cients OCLa and OCh are shown
in Figs. 9 and 10 for s D 0:7. The present solutions were found in
excellent agreement with the results obtained by Theodorsen22 and
by Postel and Leppert,28 also shown in these � gures.

Aileron Executing Flexural Oscillations

Consider a � exible airfoil executing � exural oscillations,
".x; t/ D O".x/ exp.i!t/, where
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Fig. 12 Flexural oscillations of ailerons; real and imaginary parts of
the reduced aileron lift and hinge moment coef� cients ĈLa and Ĉh.

O".x/ D
NX

n D 0

"n.x ¡ s/n

is the modal amplitude of oscillations, which leads to the corre-
sponding values of the coef� cients ¯n and ®n , and the solutions
for the reduced pressure, lift, and moment coef� cients are obtained
from Eqs. (41–43).

Parabolic Flexural Oscillations of Ailerons

Asanexample,considertheparabolic� exuraloscillationsde� ned
as O".x/ D "2.x ¡ s/2 , in which case N D 2, ¯0 D ¡2"2s, ®0 D "2s2,
¯1 D 2"2 , ®1 D ¡2"2s, ¯2 D 0, and ®2 D "2.

For the parabolic� exuraloscillations,the chordwisedistributions
of the real and imaginary parts of the reduced pressure difference
coef� cient 1 OCp.x/ are shown in Fig. 11 for s D 0:6 and two values
of k. The variations with k of the real and imaginary parts of the
reduced aileron lift and hinge moment coef� cients OCLa and OCh are
shown in Fig. 12 for s D 0:6.

VII. Conclusions
A new method of solution has been presented for the analysis

of unsteady � ows past oscillating airfoils. The method is based on
the determination of the singular contributions of the leading edge
and ridges (points where the airfoil boundary conditions change)
in the expression of the reduced velocity and pressure coef� cient.
This led to very ef� cient and simple theoretical solutions in closed
form. These unsteady� ow solutions lead directly to the steady � ow
solutions in the limit case when the frequency of oscillations tends
to zero.

The method has been validated for the case of rigid airfoil and
aileron oscillations in translation and rotation, by comparison with
the results obtained by Theodorsen22 for the lift and moment coef-
� cients and by Postel and Leppert28 for the reduced pressure dif-
ference coef� cient. An excellent agreement was found between the
present solutions and these previous results.

Then, the present method was used to derive ef� cient theoretical
solutions, also in closed form, for the case of � exural oscillations
of � exible airfoils, � tted or not with oscillating � exible ailerons,
which are of interest for the aeroelastic studies in the aeronautical
applications.

To facilitate the aeroelastic applications, the aerodynamic stiff-
ness, damping, and virtual (or added) mass contributions in the
solutions of the unsteady pressure distribution, lift, and moment
coef� cients are speci� cally determined. An analysis of the relative
magnitude of the quasi-steadyand vortex-sheddingcontributionsin
the aerodynamic coef� cients is also presented.
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