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Theoretical Solutions for Unsteady Flows Past Oscillating
Flexible Airfoils Using Velocity Singularities

D. Mateescu* and M. Abdo®
McGill University, Montreal, Quebec H3A 2K6, Canada

A new method of solution is presented for the analysis of unsteady flows past oscillating airfoils. This method
is based on the derivation of the singular contributions of the leading edge and ridges (points where the air-
foil boundary conditions change) in the solutions of the fluid velocity and pressure coefficient. The method has
been validated by comparison with the results obtained by Theodorsen and by Postel and Leppert for rigid air-
foil and aileron oscillations in translation and rotation. An excellent agreement was found between the present
solutions and these previous results. This method has then been used to obtain solutions for the flexural oscilla-
tions of the flexible airfoils, fitted or not with oscillating flexible ailerons, which are of interest for the aeroelastic
studies. The aerodynamic stiffness, damping, and virtual (or added) mass contributions in the solutions of the
unsteady pressure distribution, lift coefficient, and moment coefficient are specifically determined. An analysis
of the relative magnitude of the quasi-steady and vortex shedding contributions in the aerodynamic coefficients
is also presented. In all cases studied, this method led to very efficient and simple analytical solutions in closed

form.
Nomenclature
C,(t) = hinge moment coefficient (positive
counterclockwise), C, exp(iwf)
C.(t) = unsteady lift coefficient, C; exp(iwt)
Cr.() = aileron lift coefficient, C;, exp(iwt)
C, (1) = unsteady pitching moment coefficient (positive
nose down), C,, exp(iwt)
C,(x,1) = unsteady pressure coefficient on the upper
. surface of the airfoil, C, (x) exp(iw?)
C(k) = Theodorsen function’
C(s) = (2/m)cos /s
c = airfoil chord length
cx,cy = dimensional coordinates
D (k) = Ck)—1=—iH}k)/[H}(k)+iH (k)]

é(x) = modal amplitude of flexural oscillations (positive
upward), e(x, 1)/ exp(iwt)

f ) = Q2/m)v ({1 =5)s

G(s, x) = (2/m) cosh™ !, /(1 —x)s/(s —x) forx €(0, s),
2/m) sinh ™! /(1 — x)s/(x —s) forx € (s, 1)

and O forx <Oand x > 1

G(s, 2) = singular contributionin w(z) of a ridge situated on
airfoil at z=s, (2/m) cosh™' /(1 —z)s/(s — z)

8j = (2j=DY/2Y(N ), & =1
8 = recurrence formula, g; (2] —1)/(2))
H(s,x) = 1forx>sandOforx<s H/(x)=1

forx >1and 0 forx <0

H(o,z) = singularcontributionin w(z) of a ridge situated on
the wake at z=o0, (2/7) cos™'\/(1 —2)a /(0 — 2)

HE (k), = Hankel functions of second kind
H} (k) (zero and first order)
h(t) = oscillatory translation along y axis (positive

upwards), h exp(iwt)
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Superscripts

<O X T

reduced frequency of oscillations, wc/(2U«)
ridge positions along the x axis

freestream velocity

—i(k/c)Tcexp(—i2k(x — 1))

perturbation velocity components

along x and y axes

reduced velocity components,
u(x,y,t)/exp(iot) and v(x, y, t)/ exp(iowt)
respectively

complex conjugate velocity, i(x, y) — jo(x, y)
nondimensional Cartesian coordinates, x axis
along the mean position of airfoil chord
harmonic oscillations of the airfoil surface,
e(x,t)=eé(x)exp(iwt) where i = V=1

and exp(iwt) = cos wt + i sin wt

complex variable, x 4+ jy where j = J=1
oscillatory rotation of the aileron (positive
clockwise), B exp(iwt)

circulation around the airfoil,

1
/ y(x,t)cdx = f'c exp(iwt)
0

distributed circulation along the airfoil,

7 (x) expior)

distributed intensity of the free vortices

in the airfoil wake, y;(x) exp(iwt)

pressure difference coefficient across airfoil,
AC,(x)exp(iwt)

Kronecker’s symbol, 1 for j =i and O for j #i
modal amplitude of aileron oscillations
(positive upwards), e(x, t)/ exp(iwt)
oscillatory rotation about x =a

(positive clockwise), 6 exp(i wt)

radian frequency of oscillations

damping aerodynamic components

virtual mass aerodynamic components
quasi-steady aerodynamic components
stiffness aerodynamic components
vortex-sheddingaerodynamic components



154 MATEESCU AND ABDO

I. Introduction

HE steady and unsteady flows past airfoils (or wing sections)

have been extensively studied during the last seven decades for
their aeronautical applications. Initially, the method of conformal
transformations were used to obtain steady flow solutions for par-
ticular airfoil shapes, such as the Joukowski, Karman-Trefftz, Betz-
Keune, Miiller, von Mises and Carafoli-airfoils(see Refs. 1-5). The
classical thin airfoil theory developedby Glauert and Birnbaum (see
Refs. 1-6) established the foundation of the aerodynamics of thin
airfoils of arbitrary shapes in incompressible flows, by using a mod-
ified Fourier series for the distributed vortex intensity on the chord.
Based on a truncated Fourier series representationof the camberline
shape (sometimes requiring a large number of terms), this classi-
cal method permitted the calculation of the aerodynamic forces and
pressure distribution on the airfoil. However, as shown in Ref. 7,
the Fourier series are not convenient to model aerodynamically the
airfoils with discontinuitiesin the boundary conditions, such as the
flapped airfoils. An efficient method using velocity singularities
leading to simple analytical solutions in closed form has been de-
veloped by Mateescu,? Mateescu and Nadeau,” and Mateescu and
Newman.” The methods based on velocity singularities (name in-
troducedin Ref. 10) consistin the determination of specific singular
contributions in the expression of the fluid velocity (instead of the
potential), which are related to the singular points on the airfoil or
wing, such as the leading edges and ridges, where the boundary con-
ditions display sudden changes. These contributionsare determined
by taking into account the singular behavior of the fluid velocity
at these points and satisfy all other boundary conditions, as well as
the Kutta condition at the trailing edge. (They are similar to Green
functions associated to these changes.) These methods were proven
to be also suitable to solve problems of adaptive surfaces, such as
flexible-membraneand jet-flapped airfoils.” More recently, methods
using velocity singularities in subsonic flow have been developed
for the finite span wings of arbitrary shapes'! and for the nonlinear
analysis of airfoils.!> A method based on velocity singularities has
also been developed for wing—body systems in supersonic flows.°

Solutions involving intensive numerical calculations have been
also obtained using conformal mappings,'*~'® or using boundary
element methods based on source, doublet, and vortex panels, such
as those of Hess and Smith,'” Hunt,'® Katz and Plotkin'® and
Mateescu.! More recently, computational solutions have been ob-
tained using various numerical methods for solving the Euler or
Navier—Stokes equations, such as those based on finite difference
or finite volume formulations (for examples see Anderson*® and
Mateescu and Stanescu?!).

The analysis of the unsteady flows past oscillating airfoils has
been mostly motivated by the efforts made to avoid or reduce un-
desirable unsteady effects in aeronautics, such as flutter, buffeting,
and dynamic stall. Potentially beneficial effects of these unsteady
flows have been also studied, such as propulsive efficiency of flap-
ping motion, controlled periodic vortex generation, stall delay, and
optimal control of unsteady forces to improve the performance of
turbomachinery, helicopter rotors, and wind turbines. The founda-
tions of the unsteady aerodynamics of oscillating airfoils have been
established by Theodorsen®> Theodorsen and Garrick,”* Wagner,?*
Kiissner,”>? and von Kirméan and Sears,”” who studied the un-
steady flow past a thin flat plate and a trailing flat wake of vortices
inincompressibleflows. Further studiesinvolvingdetailed unsteady
flow solutions of oscillating airfoils have been performed by Postel
and Leppert,?® Fung,” Bisplinghoff and Ashley,”® McCroskey,*!:*
Kemp and Homicz,** Basu and Hancock,** Dowell etal.,*® Katz and
Weihs,*537 and others.*®* Some of the recent studies used compu-
tational methods and panel methods for these unsteady aerodynamic
problems; interesting analyses of unsteady flows past airfoils using
panel methods are presented by Katz and Plotkin.!”

In the aeroelastic studies, the unsteady aerodynamic analysis is
performed, in conjunction with the analysis of the related structural
motion, involving flexural and torsional deformations. A complete
numerical approachto solve simultaneously the unsteady Euler and
Navier—Stokes equations governing the unsteady flows (which in-
volves numerous iterations for each time step) and the structural

equations of motion requires a large computational effort in terms
of computing time and memory, even with the present computing
capabilities.For thisreason, there is still a need for efficient unsteady
aerodynamic solutions to be used in the aeroelasticity studies.

The main aim of this paper is to present simple and efficient
aerodynamic solutions in closed form for oscillating flexible air-
foils, which are obtained by a method using velocity singularities.
(Previous results were mainly obtained for the case of rigid airfoil
oscillationsin translation and rotation.) This method is based on the
derivation of specific contributionsassociated to the singular points
on the oscillating airfoil, the leading edge, and the ridges (where
the unsteady boundary conditions are changing), in the expression
of the fluid velocity and unsteady pressure coefficient. These singu-
lar contributions satisfy all boundary conditions on the airfoil and
outside it, including the Kutta condition at the trailing edge. As
mentioned, the methods based on velocity singularitieshave proven
to be very efficient in the analysis of steady flows past airfoils and
wings (see Ref. 7-12).

II. Velocity Singularity Method for the Steady
Aerodynamics of Thin Airfoils

The perturbation velocity components u(x, y) and v(x, y), gen-
erated by an airfoil of chord ¢, placed at an incidence « in a uniform
stream of velocity U, are harmonic functions in incompressible
flow, satisfying the Laplace equation. Thus, a complex conjugate
velocity w(z) =u(x,y) — jv(x,y) can be defined in function of
the complex variable z=x + jy, where x and y are nondimensional
Cartesian coordinates, with the x axis along the airfoil chord and its
origin at the airfoil leading edge.

The prototype problem of a flapped thin airfoil, defined by a ridge
situated at x =, where the airfoil slope angle suddenly changes
from 7 to T — B, due to the deflection angle B of the flap, has been
solved by Mateescu and Nadeau,” Mateescu.? and Mateescu and
Newman’ using the method of velocity singularities'® in the form

w(z) = AY(1 —2)/z — AvG (s, 2) )

where Av=— U, cosa[tan(f — 1)+ tant]~ —BU,, and A=
—Uyx(sina — cosatant) — Av C(s) ® —Uy(a — 1) — Av C(s),
and where C(s) and G (s, z) are defined in the Nomenclature. The
first right-hand-side term of Eq. (1) represents the singular contri-
bution of the airfoil leading edge (at x =0), and G (s, z) represents
the singular contribution of the ridge situated at x = s. These singu-
lar contributions satisfy all boundary conditions on the airfoil and
outside it, as well as the Kutta condition at the trailing edge. The
axial perturbation velocity on the airfoil was obtained by taking the
real part of Eq. (1),

ux) =A/(1—x)/x — AvG(s, x) )

where G (s, x) =Re {G(s, z)}.—, is also defined in the Nomencla-
ture.

The camberline slope of a thin airfoil is expressed in general in
the polynomial form

N
h(x) = Z h,x"

n=0

as in the case of NACA airfoils. The cambered airfoil was, thus,
represented by a continuous distribution of elementary ridges with

dn’ -
Av = [%l_xds = Z:nh,,s”’1 ds

n=1

in Eq. (2), which was then integrated over the chord and led to the
following expression for the pressure difference coefficient on a
continuously cambered airfoil :

N n
| -
AC,(x) = 4|:sina -> h, Zg,,jx’:| - )

n=0 ji=0
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where the coefficients g; are defined in the Nomenclature. This is
a very simple expression in closed form for the thin airfoil aerody-
namics, which has also proven to be very efficient for the analysis of
airfoils with adaptive surfaces, such as the flexible-membrane and
jet-flapped airfoils.”

III. Method of Solution for Unsteady Flows Past
Oscillating Airfoils

Consider a thin flexible airfoil of chord ¢ executing harmonic
oscillationsaboutits mean positionsituated along the axis Ox, which
are defined in complex form by

y =e(x,1) = é(x)exp(int) 4

where the x axis along the airfoil chord is in its mean position, ¢ is
the time, and €(x) defines the modal amplitude of oscillationsof the
flexible airfoil. In the complex form convention used to define the
oscillations, the reduced quantities marked by a caret, are complex
numbers.

The boundary condition on this oscillating airfoil, v = (de/dt) +
(Uy +u)(de/ox), is

v(x,0,1) = V(x)expliot), V(x) = iwé(x) + Uy (g—i)

&)

In view of the form of this boundary condition, one can in-
troduce the reduced perturbation velocity components #(x, y) =
u(x,y, 1)/ exp(iot) and v(x, y) =v(x, y, t)/ exp(iwt). Because in
incompressible flows the velocity components are harmonic func-
tions, satisfying the Laplace equation, one can introduce the com-
plex conjugate reduced velocity w(z) =u(x, y) — jo(x, y), where
z=x+ jy. The boundary condition on the oscillating airfoil for
0 < x < 1 can thus be expressed as

Im; {(2)}. =, = —V (x) (6)

where the subscript j indicates an imaginary part taken with respect
to the complex variable z=x + jy (not with respect to i from the
complex representation of the oscillatory motion).

The elementary circulation along an infinitesimal control vol-
ume around an airfoil portionof length ¢ dx isdI' =2u(x, 0, t)c dx,
which leads to the distributed circulation on the airfoil,

dar N .
y(x,t) = —— =2u(x, 0) exp(iwt) (7)

(cdx)

By integrating this relation over the chord, one obtains the unsteady
circulation around the airfoil

1
Ic(t) = Zexp(iwt)f i(x,0)cdx (8)
0

and the reduced circulation around the airfoil, f'c =Tc@)/
exp(iwt), can be expressed in the form

1
Tc =Re,{2f w(z)cdz} )
0

Because the circulation around the airfoil varies in time, at each
instantin time an elementary free vortex is shed at the trailing edge,
x =1, through a complex process involving viscous effects. The
intensity of such a free vortex shed at the trailing edge, dI";(1, ),
can be determined from Kelvin’s circulation theorem for a material
contour K, which includes the airfoil, d["x /df =0, as

dl'c . oA .
dry (11 = —| —= | df = —iwlcexplion dr  (10)

These shedding free vortices are moving downstream with the fluid
flow velocity (¢ dx = Uy dt), and their distributed vortex intensity
just behind the trailing edge, (1, 1) =dI';(1,1)/(cdx) is

vr(1, 1) =—(ia)/UOQ)f'C exp(iot) (11)

The intensity of the elementary shedding vortices remains constant
in time while they are moving downstream with the fluid velocity,
accordingto Helmholtz’s circulation theorem (see Refs. 2,4, and 5).
Such a shedding vortex, situated at time ¢ in the airfoil wake at the
locationx = o, has been generated at the trailing edge at a previous
time t — At, where the time lag At =c(0 — 1)/ Uy represents the
time needed by this vortex to travel from the trailing edge to its
present location. Thus, the intensity of the distributed vortex sheet
in the wake at the location x = o can be calculated as

v (0, 1) = —i(2k/c)lcexpliot —i2k(c —1)]  (12)

where k = wc/(2U,,) is the reduced frequency of oscillations. The
reduced intensity of free wake vortices is then yj (0)=ys(o, 1)/
exp(iwt) =2U (o), where U(a) is defined in Nomenclature.

Similarly to Eq. (7), one can express it(x, 0) in the function of
Vs (o) (by considering the circulation along an elementary control
volume placed around a portion of the wake of length cdo) in
the form ii(o) = p,(0)/2= U (o). Thus, in addition to the bound-
ary condition (6) on the oscillating airfoil, the complete unsteady
problem formulation has to also include the following boundary
conditions upstream (where y = 0) and downstream of the airfoil,
expressed in complex form as

Re; (0(2)).-, = Hi(x)U (x) (13)

for x <0 and x > 1, where H,(x) and [A/(x) are defined in the
Nomenclature.

Prototype Unsteady Problem Solution

To solve the problem of the oscillating airfoil, consider first the
prototype unsteady problem characterized by a sudden change & 1%
in the normal-to-chordvelocity componenton the airfoil (from — b,
to —by+36 \7, where b is a constant) and defined by the boundary
conditions

Im; {8W (s, 2)}-—, = by — H(s, x)8V (14a)

Re; {8W (s, 2)}.—, = H; (1)U (x) (14b)

for 0<x <1 and x <0 and x > 1, respectively, where H (s, x),
Hi(x), and U(x) are defined in the Nomenclature. As previ-
ously shown,’~10-3 § W (s, z) displays the singularities /(1 — z) /z,
fa(s — x), and ba(o — x) at the leading edge, x = 0, and at the ridges
situatedatx =5 and x = o, where the imaginary and real parts have
the changes 8V and U’ (0) do, respectively.

The singular contributions associated to these ridges and sat-
isfying the boundary conditions (14) are determined in an aux-
iliary complex plane defined by the conformal transformation

=,/z/(1 —z), as shown in Refs. 7-10, leading to 3VG(S z) and
LU (2)dz]._,H(o, z), respectively,where G (s, z) and H (o, z) are
defined in the Nomenclature. The prototype problem solution, is
thus,

SW(s,2)=—jby+8A/(1—2)/z—6

— (2K*Je)cF(2) (15)

VG(s, 2)

where

*

F(z) = llmf exp[—i2k(c — D]H (o, z) do
1

o* — 00
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After integration by parts, F(z) becomes

F)=i(c/k)| Excos ' VT -2+ F*(2) (16)

where E, = }irn {exp[—i2k(o — 1)]} and
; . /“’ V(1 = z)zexp[—i2k(c — 1)]
F*(z) = lim
o* — 00 1 2(0’ —a)m

Because the perturbation velocity vanishes at infinity, the un-
known constant §A can now be determined from the condition
[6W (s, 2)]. - .o =0. From the real part of this condition one ob-
tains £, =0 for this indeterminate constant. [ The same conclusion
can also be obtainedfrom the Riemann-Lebesquelemma on Fourier
integrals when the theory of distributionis used (see Ref. 27)]. The
imaginary part of this condition determines the value of the constant
8A as

7 expl—i2k(o — 1)] i
1 24/ (6 — Do
(

With this value of A, Eq. (15) can be recast in the form

SW(s,2) = —bo(y/(1 — 2)/z+ j) = 8V[G(s, 2)
+/(1 —2)/zC ()] +iTc 2K o) F (2)

f [(1 — 2)o exp[—i2k(c — 1)] o (18)
na — 00 (0 — 1)z 2(c —2)

2k
A =— —SVC(S)—HFC— lim

JTC o* — o0

17)

F(a = -

The reduced circulation around the airfoil
1
'c =Re 2[ SW(s, z)cdz
0
becomes now

A __4icexp(—ik/2) A N
Fe= Tk [14+ D) 1{bo +8VIC(s) + f()]} (19)

where £(s), C(s), H2(k), and D (k) = C (k) — 1 are defined in the
Nomenclature and where C (k) is Theodorsen’s function?? (also see
Refs. 23 and 28). Note that D (k) becomes zero for k tending to zero
(k—0).

Reduced Pressure Coefficient

The unsteady pressure coefficient C, (x, 1) on the oscillating air-
foil can be obtained from the Bernoulli-Lagrange equation, and the

reduced pressure coefficient, é,, (x)=C,(x, 1)/ exp(iowt), is

C,p(x) = =2/ Ui (k/)T (x) + ii(x, 0) ]

I'(x) =2f G(x, 0)c dx (20)
0

For the prototypeunsteady problem, the reduced pressurecoefficient
is calculated as

8C, = =2/ U Mi(k/c)8T (x) +Re; [8W (2)]._.} 2D

where
(Sf‘(x):Rejf 2[8W(2)]. -, cdx
0

One obtains, thus,

Uso8C (s, %) = 244/ (1 — x)/x + 8V[2 + 2ik(x — 5)]G (s, x)
(22a)
= by +8VC()] 1+ D(k) +i2kx| + DKV f(s)
(22b)

where G(s,x)=Rej{(~?(s,z)};:X is also defined in the
Nomenclature.

Complete Solution for Oscillating Airfoils

The solution of the complete unsteady flow problem of an os-
cillating airfoil can be obtained considering a continuous dis-
tribution of elementary ridges along the chord to model the
boundary condition (6). Thus, the boundary condition change

y = [dV(x)/dx]X:X ds = ‘7’(s) ds for such an elementary ridge is
introduced in the solution (22) of the prototype unsteady problem,
which is then integrated with respect to s along the chord,

1
C,(x)= f 8C, (s, x)ds
0

In the general case of flexible airfoil oscillations, 1% (x), defined by
boundarycondition(5),is expressedin the general polynomialform

N
Vx)=U, Zl;,,x” where b, = b, +i2ka, (23)

n=0

which leads to the following expression of the reduced pressure

difference coefficient across the airfoil, AC p(X)= -2C p(X):
AC,(x) = —4,/ Z |:Zg,, X+ R+ zsz,,}
n=0 ji=0
(24a)
A 2n+1
R = D(k v Ry = x0T (24b
n ()n+1g n+ljz_;g jx ( )

where RY, which are proportional to ﬁ(k), represent the effect of
the free shedding vortices.

To facilitate the aeroelastic applications (especially for the flexu-
ral oscillations),expression(24a) can be recastin the following form
with separate pressure contributionsrelated to the aerodynamic stiff-
ness P5(x), aerodynamicdamping P2 (x), and virtualmass P (x),
which are useful in the aeroelastic studies:

AC,(x) = ,/lx;x[Ps(x) Fi2kPP(x) —4KPY ()] (25)

N
PS(x)=—4) x/ Zb,, A2 +A))
j=0 n=j
N N
PY(x)=—4) 1Y a,A, (26a)

ji=0 n=j

N N
PP)=—4Y Y (a,A2 +a,AY, + b,A,)

j=0 n=j
AL =g (26b)
2n+1
AV = D(k)g, - ,(1+3,0 +1)
Ay =8t L5 )4 (1=5,) (26¢)
nj — n+ 1 Jjl jO C

In these expressions, A”j, which are proportional to é(k), represent
the effect of the free shedding vortices situated in the wake and are
usually much smaller than the quasi-steady terms A? especially

for small values of k. "
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Equations (24) and (25) represent two simple expressions of the
general solution in closed form for the unsteady pressure differ-
ence coefficient on the airfoil, AC,(x, 1) = AC,(x) exp(iwt), in
the general case of oscillations of flexible (or rigid) airfoils. Both
unsteady solutions (24) and (25), as well as the unsteady solutions
(27) of the lift and moment coefficients, reduce directly to the steady
solution (3) in the limit case when k is tending to zero [because
lim, _, ¢ D(k) =0].

The unsteadyliftand pitchingmoment (withrespectto the leading
edge, positive nose down) coefficients, Cr (1) = Cr exp(iwt) and
C,, (t)=C, exp(iwt), can be obtained by integrating the pressure
difference coefficient over the chord, thus resulting in

+1 ik
¢, = —2n Zb,,g,, 2 [1 s D(k)i| (27a)

2n+1|2n+2 i3k N
m=__ n&n D(k 27b
”Z; gn+1|:n+2+n+3+ ()}( )

These equations can also be recast in the following forms, to in-
troduce (for the aeroelastic applications) the corresponding aero-
dynamic stiffness components C; 5 and C3, aerodynamic damping

m?
terms C? and C?, and virtual (or added) mass components C and

Cm *
Cp=C5+i2kCP —4k2C¥,  C,, = C5 +i2kCP —ak>CM
(28)
=21 Zb,, (L2 +1L))
n=0
T N
AS _ i [0 14
Cm - 2 HZ:; b” (Mn + Mn ) (293)
=27 Z a,LC +a,L! +b,L,)
n=0
N
C¥=-21) a,l, (29b)

n=0

N
An[z) = _% Z (a”MnQ + a”Mi:/ + b"M")

n=0

M =_Z Za,, g (29¢)

n=0

n 2 1 N
LG = M, LY = D(k)LQ
n n + 1 n n
L@
bo=ria (25
Q
Q=2Ln(n+1) MVZLV
n n +2 ’ n n
3L¢
M= s @0

The terms LY and M, representing the effect of the free shedding
vortices s1tuated in the wake, are usually much smaller than the
quasi-steady terms L2 and M2, especially for low frequency.

The unsteady lift and pitching moment coefficients can also be
expressed in terms of their amplitude, A¢; and A, and phase,

W and W¢,, with respect to the airfoil oscillatory motion, as

CL(t) = Acpexp(iot —iVcy)

Cm (t) = ACm eXP(ia)t - i“IJCm) (303)
Ace =(CF) +(CF). Acw = (E) + (Cr)
(30b)

W, = tan”! (CA’?“/CA'E&), W, = tan~ (CI"‘/CRe)

m m

(30c)

where the superscripts Re and Im denote the real and imaginary
parts, such as éfe =Re;{C,} and CA'E“ =Im;{C,}. The phase lag of
the aerodynamic coefficients with respect to the oscillatory motion
of the airfoil is an important parameter in the aeroelastic studies.

IV. Method Validation for Oscillating Rigid Airfoils

The presentmethod of solutionhas been validated by comparison
with the previous results obtained by Theodorsen?? for the lift and
pitching moment coefficients and by Postel and Leppert*® for the
reduced pressure difference coefficient, in the case of rigid airfoils
executing harmonic oscillations in translation, & (t) =h exp(iwt),
and in rotation with respect to a rotation center situated at x =a on
its chord, 6(¢) = 0 exp(iwt). The modal amplitude of oscillations
is in this case é(x) = h —(x - a)é and, hence, the coefficients b,
and a, defining the boundary condition (5) in the form (23) where

N=1, becomebo——e b, =0, a0=h+0a anda, = —é.

The reduced pressure difference coefficient and the reduced lift
and pitching moment (with respect to the leading edge) coefficients
are expressed in this case by Egs. (25) and (28), where the aerody-
namic stiffness, damping, and virtual mass components are

PY(x) = 0x(1 — 4a — 2x) — dhx
(31a)

PP(x) =02+ 8x — 4a) — 4h + D(k) |63 — 4a) — 4h|

(31b)

PS(x) =401 + D),

CS=270l1+ D)),  C¥ =2x|0(%—as4)—h/4]

(32a)

CP=2n{d1—a)—h+DW)|6(2—a)—h]} @32b)
= (7/2)01 + D (k)]

CY = (x/2)19(9/32 — a/2) — h/2] (33a)

=@/2{6(2 —a) —h+ D) 6(2 —a) —i]} (33b)

The pitchingmoment with respectto the rotationcenter, x = a, is de-
fined as C,,x = C,, —aCy. The aerodynamic stiffness and damping
components of these reduced lift and moment coefficients can also
be expressed in function of their quasi-steady and vortex-shedding
components (denoted by the superscripts Q and V, respectively)

C3=C0+C8Y,  CP=cCpe+cCr

C3 =C32 4. ¢35V, CP = (P2 4¢PV (34)
C;°=4C0 =274, CYY
Cre = (/2|63 —a) - ]

CPV=4CPY = 22 D(k)[6(2 — a) — i)

m

=4C3V =276 D(k)

€% =2x10(1 —a)—hl,

The chordwise variations of the real and imaginary parts of the
reduced pressure difference coefficient AC,(x) given by solution
(31) are compared for validation in Figs. 1 and 2 with the results
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Fig. 1 Oscillatory rotation of airfoils; real and imaginary parts of the
reduced pressure difference coefficient AC), (x).
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Fig. 2 Oscillatory translation of airfoils; real and imaginary parts of
the reduced pressure difference coefficient AC,(x).

obtained by Postel and Leppgrt28 in the cases of oscillatory rota-
tion, 7 =0, and translation, § =0, for two values of the reduced
frequency, k =0.24 and k =0.34. An excellent agreement can be
noticed between the present solutions and Postel and Leppert® re-
sults in all cases.

The variation with the reduced frequency & of the real and imag-
inary parts of the reduced lift and pitching moment coefficients
C, and C,, given by solutions (32) and (33), in the cases of oscilla-

Real  Aay :Z\\

Ci6 o
¢1é \

4 \A

Present solution
-8 ] C‘L/é Theodorsen
a €8 } solution
-12 T T
0 04 08 5 12 1.6 2
16
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Imag & G0 solution
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-
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\ / //
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0 4%
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[0} 0.4 0.8 k 1.2 1.6 2

Fig. 3 Oscillatory rotation of airfoils; real and imaginary parts of the
reduced lift and pitching moment coefficients C;, and C,,.

tory rotation,fz =0, and oscillatorytranslation,é =0, are illustrated
in Figs. 3 and 4. The presentsolutions were found in excellentagree-
ment with Theodorsen’s results,?? also shown.

Stiffness, Damping and Virtual Mass

The relative values of the aerodynamic stiffness, damping, and
virtual mass contributions in the pitching moment coefficient am-
plitude A%, , A2 = (2k)A2 and AY = (4k*)AY  are illustrated
for a rigid airfoil in oscillatory rotation in Fig. 5. Their phases with
respect to the airfoil oscillations, W2, and W72 , are also shown.
(Note that an additional 90 and 180 deg should be added to W2

and WY =0, respectively.)

Vortex-Shedding Effect

The variationswith k of the amplitudesof the vortex-sheddingand
quasi-steadyterms of the aerodynamicstiffness and damping contri-
butions in the reduced lift coefficient, ALY, A3V A22 = (2k)ALZ,
ARY = (2k)ARY, are also illustrated in Fig. 5, together with the
phases WS} and W2/, for a rigid airfoil in oscillatory rota-
tion (\Ilgf = \IJgLQ =0). One can notice that the vortex-shedding
term amplitudes are much smaller than those of the quasi-steady

terms in the case of low-frequency oscillations (small k).

V. Solutions for Airfoils Executing Flexural
Oscillations

Consider a flexible airfoil executing flexural oscillations,
e(x,t)=eé(x) exp(iwt), where

N

e(x) = Z e, x"

n=1

is the modal amplitudeof oscillations.In this case, the coefficients b,
and a, becomeb, = (1 —§,5)(n+ 1)e, ;1 anda, = (1 — 8,9)e,, and
the solutions for the reduced pressure, lift, and moment coefficients
are given by Eqgs. (24-29).
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Fig. 4 Oscillatory translation of airfoils; real and imaginary parts of
the reduced lift and pitching moment coefficients C; and C,,.

Parabolic Flexural Oscillations of Airfoils

Asanexample,considerthe parabolicflexuraloscillationsdefined
as é(x) =e,x?, in which case N =2, b, = 2e,, a, = e,, and the rest
of the coefficients are zero. The solutions for the reduced pressure
difference coefficient AC »(x) is also defined by Eq. (25), where

PS(x) = ey [2x + 1 4+ 3D (k) /2]
PY(x)=es| x> +x/6+ 1] (35a)
PP(x) = e;[2x> +x + 2 + 5D(k)/8] (35b)
and the reduced lift and moment coefficients are in this case
CL = —(1/2)es 6 + Tik + D(k)(6 + Sik) — 5k* /4] (36a)
Cp = —(m/2)es | 2+ 3ik + D(k) (2 + 5ik/4) — 3k2 /4] (36b)

For the parabolicflexural oscillations, the chordwisedistributions

of the real and imaginary parts of AC p(x) are shown in Fig. 6 for
two values of the reduced frequency of oscillations. The variations

with k of the real and imaginary parts of C; and CA’,,I are shown in
Fig. 7.

VL. Solutions for Airfoils with Oscillating Ailerons

To determine the effect of the aileron oscillations,consider a thin
airfoil of chord ¢ at zero incidence fitted with an aileron of chord
(1 — s)c that executes harmonic oscillations for s < x < 1 defined
as

y =e(x,1) = &(x) exp(iwt) 37

The boundary conditions on the airfoil in this case can be obtained
in a similar manner as for the entire airfoil executing oscillations,
resultingin, for0 <x < 1,

Im; {iD(2)}._, = —H (s, x)V (x) (38a)
and forx <0,x > 1

Re; {i)(2)}.—, = Hi(x)U (x) (38b)

Cm

6 = A°

Cm T
Ac —&— Z(‘Kz /E/B/Z/ /
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30
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Fig. 5 Oscillatory rotation of airfoils; Aerodynamic stiffness, damp-
ing, and virtual mass contributions in the reduced pitching moment
coefficient amplitude and the vortex-shedding and quasi-steady compo-
nents in the reduced lift coefficient amplitude and their phases.

where V (x) = iwé(x) + U, (3¢/0x) and H (s, x), H,(x), and U (x)
are defined in the Nomenclature.

As shown by Eqs. (38), there is a sudden change in the boundary
conditions on the airfoil at x =, which is represented by the ridge
contribution V(s)G (s, z) in the complex reduced velocity w(z).
Similar to the case of oscillating airfoil, the boundary condition on
the oscillatingaileroncanbe modeledby a continuousdistributionof
elementary ridges, defined by the contributions | V'(¢) do ]G (o, z)
for s <o < 1. Considering the solution (22) of the prototype un-
steady problem for both the ridge at x =s and the distribution of
elementary ridges, one obtains for the reduced pressure coefficient
in this case

UnCp(x) = 2A,/1x;)C F[24i2k(x — )]V ()G (s. x)

1
+ / [2 + ik(x — )]V (0)G(o, x) do (39a)
A=V){L1+ Dk) +i2kx|C(s) + D) f(s)}

1
+/ V(@) {[1 + D) + i2kx]C(c) + D(k) f (o)} do

(39b)
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Fig. 6 Flexural oscillations of airfoils; real and imaginary parts of the
reduced pressure difference coefficient AC), (x).

As in Eq. (23), the function V(x) in Egs. (38) has the general poly-
nomial representation

N
V) =Ue Y A", B

n=0

= B, +i2ka, (40)

After inserting this expression in Eqgs. (39) and performing the
integrals, one obtains the reduced pressure difference coefficient
AC,=-2C, for the case of aileron oscillations in the form

AC,(x) = —4 2 Zﬁ,,[(l + —) P2 4 ﬁ,Y}

n=0

N .

n 2k n+1_sn+l

—4G(s, x) Zﬁn |:X" + %} (41)
n=0

where

PV =2D(k) ],

E j+1
,,,I)C

ji=0
s+ @@n—1)J,_
Pt J Jo=CGs)
(2n)
The reduced lift and pitching moment coefficients due to the aileron
oscillations are
i2k g1
_27T n J,,7 -I
. 2k
+ P+ 0+ == [0 - s"“Qo]}
£6) &S
[ E— " j 42
Q= T2t s (42a)

j=0
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Fig. 7 Flexural oscillations of airfoils; real and imaginary parts of the
reduced lift and pitching moment coefficients C;, and C,,.

8j+1 i2k ;4o
m= —2r n J,,7 -
2;’%{; ’[;+2 n+1j+3
13V
+—= +Q,,+1+ [Q,,H—s"“Q] (42b)

The unsteady lift coefficient of the aileron and the hinge moment,
Cra(t) =C expiot) and C, () = C, exp(iwt), are obtained by
integrating AC, (x) over the aileron in the form

& " _ i2k -
e S S 200

n=0 j=0

+ﬁ,,VLU+Qn

k _ _
+ ﬁ[Qn+l - s”+1QU]}

SO,
"__n—l—l . 1J; (43a)
j=0
A i2k -
Cp=- S)2 ;ﬁn{z n— /( /+1+?L1+)
+P L +Qn+l+ [Qn+2_sn+lQ ]}
I Y
sztf's—f(s)J (43b)
G+D

Method Validation for a Rigid Aileron Executing Oscillatory Rotation

In the case of a rigid aileron executing oscillatory rotations
about the hinge at x =s, the modal amplitude of oscillations is
£(x)= — (x —s)B, and, hence, the coefficients B, and «, defin-
ing the boundary condition (38) in the form (40), where N =1,
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Fig. 10 Oscillatory rotation of ailerons; real and imaginary parts of
the reduced aileron lift and hinge moment coefficients Cr, and Cj,.
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Fig. 11 Flexural oscillations of ailerons; real and imaginary parts of
the reduced pressure difference coefficient ACy(x).

become By = —ﬁ, B1=0,00= Es, ando = —B.Then Aé,,(x), éL,
C,., Cp,, and C), are determined from Egs. (41-43).

The chordwise variations of the real and imaginary parts of
AC,(x) are shown in Fig. 8 for s =0.75 and two values of the
reduced frequency of oscillations, k = 0.24 and k = 0.34.

The variationswith k of the real and imaginary parts of the reduced
lift and pitchingmoment coefficients éL and ACA’,,I ,and of the reduced
aileron lift and hinge moment coefficients C;, and C;, are shown
in Figs. 9 and 10 for s =0.7. The present solutions were found in
excellent agreement with the results obtained by Theodorser?? and
by Postel and Leppert,*® also shown in these figures.

Aileron Executing Flexural Oscillations

Consider a flexible airfoil executing flexural oscillations,
e(x, 1) =&(x) exp(iwt), where
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Fig. 12 Flexural oscillations of ailerons; real and imaginary parts of
the reduced aileron lift and hinge moment coefficients Cr, and Cj,.

N

B =) e — )

n=0

is the modal amplitude of oscillations, which leads to the corre-
sponding values of the coefficients f, and «,, and the solutions
for the reduced pressure, lift, and moment coefficients are obtained
from Eqgs. (41-43).

Parabolic Flexural Oscillations of Ailerons

Asanexample,considerthe parabolicflexuraloscillationsdefined
as £(x) = &,(x — 5)?, in which case N =2, By = —2¢,5, ag = &,52,
ﬂl =2€2, o= —2€2S, ﬂz = 0, and Oy =§&j.

For the parabolicflexural oscillations, the chordwisedistributions
of the real and imaginary parts of the reduced pressure difference
coefficient Aé,, (x) are shown in Fig. 11 for s = 0.6 and two values
of k. The variations with k of the real and imaginary parts of the
reduced aileron lift and hinge moment coefficients ¢ Lo and ¢ » are
shown in Fig. 12 for s =0.6.

VII. Conclusions

A new method of solution has been presented for the analysis
of unsteady flows past oscillating airfoils. The method is based on
the determination of the singular contributions of the leading edge
and ridges (points where the airfoil boundary conditions change)
in the expression of the reduced velocity and pressure coefficient.
This led to very efficient and simple theoretical solutions in closed
form. These unsteady flow solutions lead directly to the steady flow
solutions in the limit case when the frequency of oscillations tends
to zero.

The method has been validated for the case of rigid airfoil and
aileron oscillations in translation and rotation, by comparison with
the results obtained by Theodorsen®? for the lift and moment coef-
ficients and by Postel and Leppert?® for the reduced pressure dif-
ference coefficient. An excellent agreement was found between the
present solutions and these previous results.

Then, the present method was used to derive efficient theoretical
solutions, also in closed form, for the case of flexural oscillations
of flexible airfoils, fitted or not with oscillating flexible ailerons,
which are of interest for the aeroelastic studies in the aeronautical
applications.

To facilitate the aeroelastic applications, the aerodynamic stiff-
ness, damping, and virtual (or added) mass contributions in the
solutions of the unsteady pressure distribution, lift, and moment
coefficients are specifically determined. An analysis of the relative
magnitude of the quasi-steady and vortex-sheddingcontributionsin
the aerodynamic coefficients is also presented.
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